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A number of plane problems of filtration with a limiting gradient can be reduced [1] to
obtaining the stream function } as a solution of the first boundary value problem for the
equation 2

w0+ 1) g+ (0 — 1) TV g 0.4)
in the semi~infinite strip 0 C w < =0, 0 < 6 < G, with a cut along the line 8 = 8, < fo
extending either from the point w = a to w == 0 (Problem A), or from the point w = a
to w = oo (Problem B),

Below (Sect, 1) we reduce these problems to dual integral equations whose kemels con-
tain hypergeometric functions F (s, — u) = F (2 - is, 2 — is, 3, —u) dependent on the
argument u = w / ) and a single parameter s. The hypergeometric functions are expres-
sed in terms of the associated Legendre functions, This enables us to write their integral
representations in the form of Fourier sine and cosine transforms and then, following the
work of Rukhovets and Ufliand [2] (see also [3]), reduce the dual equations to the Fred-
holm equation of the second kind (Sect, 2), This equation can be solved effectively when
the values of a are small (ap = a / A <€ 1) and this enables us to obtain those basic
characteristic features of the filtration flow, which are of some interest to us, As an ex-
ample, we establish in Sects, 3 and 4 the position and size of stagnation zones which
arise when the source is situated near an impermeable boundary (this corresponds to Prob-
lem A), and near the rectilinear delivery contour {a particular case of Problem B),

1, Wwe consider the following two problems,

Problem A. To find a solution of Eq, (0,1) in the semi-infinite strip 0  w < oo,
000, withacut 6 =6, 0<w< 4q, assuming specified values on the boundary
of the strip and on the cut,

Problem B, To find a solution of Eq, (0, 1) in the semi-infinite strip 0 < w < o,
00 <0, withacut §:==0, a<w< o assuming specified values on the boundary
strip and on the cut,

Let us introduce a new independent variable & == w / A into (0.1) and seek ¢ as the

function of u and 8. We set Y (u 0) = ¥ (u, 0) + ¥y (u, 6) .0
where ¥, (1, 8) is the solution of (0.1) in the semistrip 0 < w = A < 00, 0 O L B
without a cut, assuming the same values as ¥ (u, 8) at the boundaries 8§ = 0, 8 = 6o
and w = 0 , The function {1 (s, 8) can readily be found,

Let the boundary canditions be given by

Y1 (4, 0) = f; (u), $1 (1, 80) = fa (u), ¥1 (0, 0) = @ () (1.2)
We shall effect the integral transformation with respect to the variable u, assuming [4]
P* (5, 6) = ﬂ (1 + 1) F (s, — u) ¥1 (u, 0) du (1.3)

o
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oo {cont,)
¥1 (u, 8) = Yus? S (4 + 5% cth sF (s, — u) Yi® (s, 8) ds
0
F(s, —u)=F @2+ ts, 2 —1s, 3, — u)

Then ¢*1 (s, 6) will be given by

ﬁ%-f"—‘”- — 81 (s, 6) = — 29 (6) (1.4)
Wt 2, 8) =Nt (), Y1* (5, 80) = fo* (3)

fin@=( A +0F o, —w pawds .5
]

Having found ¢*: (s, 0),we can ase (1. 3) to define ¢, {s, ).

We can therefore assume that the function Py (5, 8) is known and consider at once
Problems A and B with zero boundary conditions at 0 =0, 6 = 0, u = 0, without loss
of generality,

Let us now consider Problem A with the following boundary conditions:

¥, 0) =%(0, 6 =1y (4, 60) =0
‘P(“’elio)=f:t(u)’ CCuLao=2a/k (1.6)
We denote the trasform of the required solution (i,e. the result of applying the inte~

gral transformation (1, 3)), by $* (s, 0).. When 0 & 6 < 6, we have, with the boundary
condition at & = 0 and u = 0 taken into account

V* (s, 0) = 4 (s)sh 40 (.7
and for §; < 8 < 6y we have similarly
¥* (s, 6) = B () sh s (8 — 6) (4.8)

When 0 = 8, we have by virtue of (1, 6) and (1. 3)
Y* (5,04 0) —y* (t.9—0)=s (1 +wF (s, —u) [f, (v) — - (W)} du==0(3)
0
from which we obtain

B(s)=[06(s)+ A (s)sh s6,}/shsB;, ©6;=0p—86 (1.9

To satisfy all conditions of the problem we require that the derivative & / 96 is con-
tinuous when @ = 6, and u > 4o , and that the condition ¥ {x, 8; — 0)= f_ (u), # < 6o
holds, with (1.3) and (1, 9) taken into account, these conditions yield

Ss’(i+a¢)cthnsF(:,—u)C(s)ds==0 (@0 < u < ox) (1.10)
[}
¢ (1 45" shs0ishsd, _ =
| Z0ED) B CF (e —uds=h() O<u<a)
C (s) = s [A (s) sh 58, + o (s) ch 58;] / sh 5B, (1.11)
k(W) =.?i§§§¥l + S 2+ %T_‘&:%%F(s.—u)s(s)ﬁ (1.42)

0

Thus,Problem A is reduced to solving the dual equations (1.10) in order to define C (s).
Let us now consider Problem B with the following conditions s
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P, 0 =9(0,0=%x0)=0 $udt0)=F_@u, uv>a (1.13)

We can, as before, write the transform $* (s, 8) in the form given by (1, 7) and (1, 8)
where B (s) and A (s) are related by (1, 9) in which @ (s) has been relaced with
[ee]
o1(9) =7, (8) —2.(s), z, ()= S A+uwFy@F @ —u)du (1.14)
Qo
Satisfying now the continuity condition for d / 30 when 0 == @, and u <« g4 and the
condition P{x, 6 — 0) = F_ (u),u > a0, we obtain the following dual equations:
(e
Ss(l +s)cthnaC(s) Flg, —u)ds=0 (a0 <1< oo) (1.15)

0

T & {1 4 4% sh by _— ....
Smcf’”"(" wWds=h@w) O<u<a)

[

(]

C(s) = st [.4 (shshi— { (1 4u) F_ () F (s, —u) a'u] (1.16)

.
g

]F(s. —u)ds (1.17)

. N $#(-80T o1(s) z_ (s) sh s0o
ha (1) = § th s [th 8; T "Sh 501 sh 50,

In what follows we shall find it convenient to integrate the dual equations (1,10) and
{1.15) with respect to u , from u to co. Taking into account the relation
oG

§ F(2+1is, 2—1s, 3,—u)du= 1—5 _F (415, 1—1s, 2, —u) (1.18)
. 2
k73

which follows from the differentiation formulas of the hypergeometric functions {5 and

6], we obtain .

scthrs Fi(s, —u) C(s)ds =0 (a0 <Cu<oo) (1.19)

S

uw
2 Fi(s, —u) C (s) %ds:-& %Ldu-k

Oms

oo
+ S ﬁmﬁ(s,—ms(ﬂdse Hy(w)+n
H

for Problem A and

S scth s F1 (s, —u) C (s) ds =0 (> a0) (1.20)
0

¢ 3 —_ sh s0a :_L = 0

§e oth 76 C (6) Fa (5, — ) oS0 S0 do = §hz(u)iu_Hg(u)+rg (0 < u < ap)

for Problem B, Here

(1.21)
Fi(sy, —u)=F{ +is, 1 —is, 2, —u), Fnis. — an¥ = F lis. — is. 2, — aa)

The constants of integration ry and r; are defined from the solution requirements,

2, 1°. To reduce the dual eguations of the form (1.19) and (1.20) to the Fredholm
equations of the second kind, we shall use the method applied in [2 and 3] for solving
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dual equations containing associated Legendre functions, This method makes use of the
integral representations of the Legendre functions in the form of sine and cosine trans-
forms, Corresponding representations can also be obtained for the hypergeometric func-
tions appearing in the present paper, In particular, for Fy (s, — 1) we can obtain

B
Fi(s, —u) = niu § :}';3:';*‘_‘1 :h‘i':l . u=shB (2.1)
Fi(s, —u)=— (nsu)1thns [R, (s, u) -+ R_(s. u)] = 2.2)
_2th ns[ sin28s T cos 2ns (sh n — Vsh?n — sh*p) dy
el lrn § Vonin —ship
Functions o

sto e

Ry(nu)=+ ’:;“ P + § eFaion %‘%’_;Pidn (23)

are analytic in the half-planes Ims < 1 and Ims > —1 respectively,

The above formulas are obtained by using analytic continuation to change the argu -
ment of the hypergeometric function to 1/ and utilizing their representation in the
form of an Euler integral, They can also be obtained directly, although more tediously,
from the integral representations of the Legendre functions {5 and 6] taking into account
the relation

Fntis n—is, ¢ —u)= (M) — R QT (= 1s)

2l (n+is) T (n— is)

an u 1/y(n -c+1)
X aum [(TTF) (P75 (14 2u) + P (1 4 2u)) ] (2.4)

connecting the hypergeometric functions appearing in this paper, with the associated
Legendre functions,
2°, We shall seek a solution of (1,19) in the form
2%,
C(s) =51 g @ (t) sin st dr, sh2By = ao (2.5)
°
where ¢ (1) is a function continuously differentiable on the segment (0, 2Po) . In addi-
tion, we stipulate that the first equation of (1,19) be an identity, Indeed, using (2.2) we

can write the left side of the equation (1,19) as
o

I(u)= ZI:u S "R, (s, u) C (s) ds

In the lower half-plane the function R 4088 follows from (2, 3), decreases with s — oo
at least as fast as s"5,2i8s the function C (s) is, by virtue of (2. 5), an entire analytic
function and increases with s — oo not faster than s 22 | Since we also have B> Po
when u > ao we have as the result I (n) = 0. Let us set

2cth nts sh s0; sh 582 / sh 0 = 1 4 &, ()
Inserting the expressions (2,1),(2.5) and (2, 6) into the second equation of (1.19), we
transform it into the form

(2.6)
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___1__‘06 [+ ex(9)] QS? sin 2 #sh ndy 2%‘ . _
) ) Ve Bw(t)amrrdrda_lﬁ(u)-i-n @7
Let us denote the cosine transform of e, (s) by

By (a) = °< 21 (s) cosasds (2.8)
It can easily be shown that the produ::t .

Be
(4 +e1(s) S @ (r) sin g7 dt
1]

is the sine transform of the quantity .
2

X () =9 () +n*1S © (1) [E1 (v — @) — Ex (v +a)] da (2.9)
[

The second cofactor in the integrand of (2. 7) represents, in turn, the sine transform
of a function equal to Vssht/en) V'shiB —shv/m

when n < 2B, and equal to zero when 7 >> 2p. We can therefore apply the convolution
theorem for the sine transforms [7] to (2. 7), to obtain

28
h/yr dv
X s = 4ully (u) + burt 240
§ Vsh?B — sh?¥/;r ) @10
Setting now chl/et = [ we transform (2, 10) into the Abel integral equation {8] whose
solution is A 4 shatfyt Hy (w) 4
X (1) = Yl runyg 2.1
O = vy S Ve —u @th)

8. 1°., We apply the results obtained in the previous Sections to problems which
actually arise during the investigations of plane filtration flows following the law of
filtration with a limiting gradient, Study of a flow generated by an aggregate of several,
equal intensity sources, situated at the vertices of a regular n-sided polygon leads [1] to
the following particular case of Problem A:

Y, =0, $(0, 0)=0 O<OI<H), P, 8)=0 O<u<aw @)
PO, 0 =Q(0—6) /66 <0<
Y@, 0)=0 Bo==n,8=n(r—-1/n
Here the problem of determination of the boundary of the stagnation zone appears to

be the most important one, Within the symmetry element of the flow, this boundary
depends on the position of the tip of the stagnation zone relative to the source

o0
_ - 1 P (u,0) du 3.2
20 = Zo + Yo == " ) —%5 i )

and on the form of the boundary arc R
2(0) —20=2 8 + iy @) — 0=+ li (LM)J%, 0<o<H  (33)
0

* u—sph \ ¥ du

Here z and y are the coordinates in the plane of the flow, their origin coinciding with
one of the sources and the axis directed towards the center of symmetry of the flow,
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Setting n = 2 we obtain a flow due to two sources of equal intensity,

An important case of the problem B arises in the study of a flow due to n sources of
intensity 2Q distributed at the vertices of a regular n-sided polygon and a sink of inten-
city 2Qn. situated at its center (n = 1, 2, ...). We have

0,=mn, o=n(d+n)/n, $2a(u, 0)=0, F, (u) = F_(u) = Q = const  (3.4)

In this case an outer stagnation zone occurs, its boundary is defined by the relations
(3.2) and (3, 3). We also have 0 < 8 < 0o, the coordinate origin coincides with one of
the sources and the sink lies on the negative part of the -z-axis,

Wwhen n = 1, the problem corresponds to an equal intensity source-sink pair,

In all cases the quantity ao is assumed given and the radius of the source aggregate is
to be determined (i, e, we essentially solve the converse problem),

The above flow as well as some other flows leading to Problems A and B are all con-
sidered in [1].

2°, It can easily be shown that the solution ¥, (u, 0) (see Sect, 1) with the boundary
conditions (3,1), has the form (0 < 0 < 6,)

=]

__ u!Q (1435 shsByshsd _
¥1(u,0) = 2 S, T e F (s, = u)ds (35)
so that
fo@)=f_(u) = — P (u,0) (u<an),o0()=0 (3.6)
and in accordance with (1,12), (1. 21) and (1,18) we have
__2Q C Fi(s,—u) shsBishsbs 4 .
)= Bs § th ns sh sBo @ 6.7

Replacing the function Fy (s, — u) with its integral representation (2.1) and inserting

the resulting expression into (2,11) we obtain after some manipulations
[oe]

) .
X1(7)=—TQ’.{1+-§—OS81(8) ﬂl‘;.ds]—k%ushf (3.8)

where e, (s) is defined by (2,6), Further, the kernel of (2, 9),with (2, 8) and (2, 6) taken
into account, admits the representation in the form of a uniformly converging series
Ey(v—a) —E (v+ a) = 2ta E;; —Y3ta (v + a?) Ep 4 ... (3.9)
©0
E,= 5 s3%e, (s) ds
0

Taking into account (3. 8) and (3, 9) we find from (2, 9), that the solution @ (t) can be
written as Q(t) = —20Q/6a+ ¢ (%) (3.10)

where @, (1) is a function which can be expanded into a series in odd powers of 7, for
any value of .
3°, The solution of the initial problem with 0 < 8 < 6, is given by

Yu,0)="u04nx0)= (3.11)
1 ,C 2Q sh 0 sh s0e g, _
= §[s’C(s)+—9-’-](i o SO (s, —u)ds

where C (s) is defined by (2. 5).
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when u << ao and 8 = 6, , we have ¢ (u, 8;) = 0 and the derivative oy /90 must
be an integrable function of u. Taking into account (1,18),(2,2) and (3.10) we have

2 (v, ex)_l,,ﬂsﬁ(wsﬂws =800+ 22 (1 + 2l o=

th ns th O1s

0
(] “l o
Y 1 S chsBishs6; [ S @’ (T) cos stdv — @ (2B0) cos ZBM‘] X
du J nushsby | )
[o 0] ——e e
x i sin2B8s 9 S cos 2ns [shn — V shin—ship] dﬂ] ds (3.12)
l. s H V'shin —sh®3

Behavior of the solution near the point u = ao (f = Po) can easily be determined by
considering the integral (3,12) as an inverse Fourier cosine transform, When s =+ oo, the
expression within the square brackets is of the order of

s~13in 2Bs 4 Cs~"/1e%Pe
therefore the asymptotic form of the integral as § — Pe is given by

C1 (Bo — P @ (260) + C29 (2B0) + O (1)
Hence the integrability of & / 88 implies that
@ (2fo) =0 (38.13)
which can be used to determine the constant ry. Finally, inserting (3, 11) into the expres-

sion (3, 3) for the coordinates of the boundary of the stagnation zone and taking into
account (3,10) and (3, 12), we obtain

[ve]
() — ] =] Y G schsO —ishsD o4 o cthnex
MeO) =zl = ¢ 5 1 1D shsbsc

2B,

B,
X {q:’ (2B») sin 250 — §
\

B,
0

" (v)sin std'r) ds]°=°‘ (3.14)
0=0

Expression (3,11) remains finite when 0 < 0 < 0,.

4°, Let us now obtain an approximate solution of the problem for small values of f,.

Using (3, 8), (3. 9) and (83,13) we obtain from the integral equation (2. 9) the following
expression

2 1 1 4 ) ? (n
‘P(T)=T?|:—i + (5‘3—, — 3 Bo— 357 EBo’)T—i—ﬁ(m—{-E) + O(By‘)]
E=En-+ En (3.15)
Insertion of @ (1) into (3.14) yields
oo, .
A [2(8) — zo] = %2 S e (sch ":h—;é shs0) — ¢ oh 8, cth s X (3.16)
2 suo

x[ﬁ_mﬁ”_( o 2o +_BO?F+0(BDS)> (“BT,+TE> S _"l'_r:ﬂdt]ds

when s —» oo, the expression in front of the square bracket in (3.16) behaves as
1z (8 — ) ¢*®-80+9 Therefore for small B, we have
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o]

120 o[ ((schsOshsfe _ 1 .(9—0.)>d_ i X
M@ —ul =22 [§(*—“‘mmshs90 7 aa Yo ey

1 0 1 23
—i {(4—3;-!-‘/'30) artg s — g |40t + @ — o) arotg g —

o0
— 280 (01 — 0):] + S [ shsOshsBcthas 1y H09) ] ds}] -

P L sh 580
0
-2 § sshsbycthas g 347
Os E) sh 800

To determine the location of the stagnation zone completely, we require the value of
zo. Using (3,11),((1.18) and (3.13) we have from (3. 2)

-] 00 23,
_ 1 (0 ¢ sshsBacthns . -
Azy = So = =% du _g) b s0n g 9’ (x) cos svdvds

0

2Q s sh 56
=2\ 2277 cthnsds - 0 (Bo? 3.8
5 So T cth tsds 4+ O (Bo?) (3.18)

5°. In f1] we have constructed the limit solution of Problem A (ao = o = 0) which
enabled us to obtain lower estimates for the stagnation zone sizes, However in that case
the boundary of the stagnation zone consisted of branches extending to infinity and the
solution did not therefore possess any inherent value, The solution given above for small
Bo approximates the limit solution at all 8 such that §, — 8> Bo and it is only in the
vicinity of 6 = @, that the boundary of the stagnation zone begins to deviate appreciably
from the limit boundary, for the reason of absence of the infinite branches,

As an example, we shall consider a flow due to a pair of sources of equal strength
(strength q = 2Q).

In this case we have 0p = 20, = n, The limit solution was constructed in [1].

We also have A

Ew=3Eu—=—

:ll»a

v E=oaw

Q of 1 5 20 sing 8
A’(z(e)'—‘”"’)=_;rr'"’w{cosﬂ) + s T = costo — (v —20) +

+(2+’/SB°‘—%%B°’) 4Buz+(l;lﬂ—e)z +(1"'%§:—)(_2+

x—20 48 RTE T (n—20) 480
+ B arctg - _020) —i [(-———Bo — /B0 — o arctg w—5p -+
x 20 4
+T—0+tge+ucose—n—26_l} (3.19)
o
_4Q( sshYssmuchst 247 o 3.20
hao = 4€ So Lol ds = =T Q=0521Q (3.20)

For the tip of the stagnation zone (0 = Y/sn) we have

Q__2Q _Q_( i 5) (3.21)

MO =g =%+ 7\ Ge T
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Figure 1 depicts the boundaries of the stagnation zones for various values of

Bo (a0 = sh¥Bo).
T 22023 |\ We can write the equation of the boundary of
),‘i 0 the stagnation zone in the form

20

4

<L I:-: (zO) >%+ (y(‘?;an))% =t en

(points on Fig, 1) where L= z(*/2n) and y (/)
are given by (3,21), This equation is sufficiently

I
I
|
!
t
!

accurate for practical purposes, It has the shape

of an astroid elongated in the y-direction and its

a0uofl
19 /| is g
0 ) | % total area is given by
i/ /o 8§ =hen (L — 2 (0) y (am) =
| AL? 2Q \2f, m42 o
| L, =" (“F nl,L) =z Q)
ﬂa'ﬂﬂgﬂl 9 laf | AL
v y/ | | 9 >1 (3.23)
9 } : We remind that here Q = /2 where ¢ denotes
| | xr | the output of a single pore per unit capacity of
; [ | A the layer,
L4672 ‘ufg 4, 1°, Wwe shall now consider the case of Prob-
Fig. 1 lem B given in Sect, 3,1°, and defined by the
g conditions (3, 4), in more detail, Here from(1,14)
we obtain

zy = z_ = 2Qs7%F (is, — is, 2, — @o), 0, =0 (4.1)
and in accordance with (1,17),(1,18) and (1.21) ,
o

- sh s8o0 Fy (s, — u) Fo (s, — a0) 4.2
Ha(u) ZQS e ds (4.2

0

Using (2.4) and the well known integral representations of the Legendre functions we
can obtain the following expression for the function Fg (s, — ao) = F(is, — is, 2, — an):

28,
scth?Bosh? in : h /57 cos st
F(is,_i.\‘,Z.'—aO): ! ) % qc“l B()Sh /2TSm€T+c /2 ¢ 5 dT:
°

(14 s (sh® Bo — sh? l/21:)'/’

ns & sh?Bo(sh?Bo — sh? 1/,1)"

28
_ 4 ( _shiar(cht —sh®Bosinst o gog g, 43)

To solve Problem B we can use again the representation C (s) in the form (2.5), We
find however that the requirements imposed on ¢ (t) become somewhat different since
the first relation of (1,20) contains s. while (1,19) contains s*. Repeating the arguments
of Sect, 2, 2° we find, that in the present case we need the following necessary condition:

28,
K @ (t)dr =0 (4.4)

0
in addition to the sufficient condition of integrability of ¢ (1) on the segment (0, 2f0) .
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Condition (4, 4) will be used later to determine the constar' rz. The problem of deter-
mining ¢ (7) again reduces to an integral equation of the formn (2, 9) in which e, (s) is

replaced by ez (s) = Y/a cth ns sh 8y [sh 58, shsBa]! — 1 4.5

and Hy (u) in (2,11) by Y4H2 (u). Using the expressions (4.2) and (4. 3) we find that the
function ¢ {t) can be written as
2Q sh/yt(cht —sh?f)
= —— 7 4.6
PO= "R e o sy e Y @0

Here § (1) satisfies the equation

28,
g('r)—}—_:‘-s ;(a)K(a,r)da:%shr (4.7)
where °
¢ th ns sh 560
K @,7)=2\sinassin vs (T2 7731 %0
(¢, 7) S sin asgin ts [%h 8o 35 Bs 1] ds (4.8)

0
By (4.7) and (4. 8) { (r) can be expanded into a series in odd powers of t .
2°, Using the expressions (1. 3), (1. 7), (1. 16),(2. 5), (4. 3) and (4.8), we can write the
solution ¥ (u, 8) for 0 < 6 < 0, as

o0 28’
_uw ( s(14s)shsd [ 4 . B _ _
V(0= "2"8 Tthesh sl [T § @ (v) sin stdv + 2QFo (s, ao)] F (s, —u)ds
oo 280
= (1 4 s*)sh s0 )
=3 S b 75 8h 30 § ¢ (v) sin stdvds (4.9)

Coordinates of the boundary of the stagnation zone are given here by the expressions
derived from (4. 8), (3. 2) and (3, 3)

T th n *
Azo=r §: cah '0: § { (v) sin stdvds (4.10)
2 [5(0) —50] =reet® (2 __; ¢ shedcth ns 26' .
o] =re ( ~ _..)>) ! ¢ (x) sin svdvds (4.11)
For small B, the above relations give
A= 2Q §° LRI ds + 0 an) (4.12)

0

A[z(0) — 2] = — {ZQC“’ (i —_ _a-)cios [M — e"’i:] ds —
)

09 sh s01
.40 _3Q 2.0, 1.AF! L 433 1 — 1/.6% arct _2&]
RS (1 —2/sBs?) [230 — /B E* + 453, — E (1 — 1/eE?) arctg 3 +
i . h 2 n 2 0=90
+ e 4?3?3 (1 —"/sB%) 1530—%4-(1—‘/152)31'%8 -il]}o:o
(E=01—0) (4.13)

with { (1) obtained from (4.7) and the constant ra from (4, 4).
3°. When studying the flows leading to Problem B we must know not only the boundary
of the stagnation zone, but also the reduced pressure drop A between the sources and sinks
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(regarded here as pores of small, though finite radius),
The reduced pressure can be found as a function of (x, 6) by interating the equations

(see [17) aH A+udp oH  (1+upop (4.14)
Bu T " u' 00’80 u ou ‘
Let us use these equations to determine the pressure difference between the points on
the streamline ¢ == 0, To start with, we will choose a point u = u,>>1, i, e, a point in
the physical plane adjacent to the source (at a distance of the order of R, = Q J(7tuy)).

Pressure difference between this point and the tip of the stagnation zone is

— i-!-uatb(uO) — (1421 — Fols, — )]
h—H= g —p = r§ sth ntssh s6; X

28,
% ﬂ ¢ (%) sin stdvds = Q_‘é‘ﬂ_ - _6‘2. +0(ag) + 0 (1/In u) (4.15)
. 1 1
0
Pressure difference between the points on the boundary of the stagnation zone is
n

28,
— - — (1 + 5% (ch s6 — 1) .
Ho— H (0) = S % (6) 0 = r;% - § £ (v) sin svdvds

In particular, when @ = 6, we have
2Bo

Ho— H (0 = r: :tt:s th?%!. S £ (v) sin svdvds =
] ]
zZQS A+ ) (E‘%"L— >ds+ ggoQ + 35;‘3 + 0(1) (4.16)

Up to now we have been considering the part of solution corresponding to 0 < 0 < ;.
But since Problem B is obviously symmetric, all the formulas remain valid also for region
8 < 8 < 0, provided that § is replaced by 0, — 6 and § by 8; = 8, — 6, and, that the
coordinate origin coincides with a sink instead of a source, We can thus construct the
whole of the boundary of the stagnation zone,

4°, Example, The formulas derived enable us to determine all quantities of prac-
tical interest, relating to the sink-source problem [1] (or, which amounts to the same,
to the problem of a source situated near a rectilinear delivery contour (i, e, the line of
constant pressure)), For this case we have 8; == 63 = n.

Formula (4, 12} yields the following expression for the distance between the source
and the tip of the stagnation zone o

Aao=2Q( ¢ LI g Q (4.17)
" she s b4
Further, from (4, 14) we have
Az () — za) i 4 0 sin 1/e0) _ 1 _
- q —=F { (m—0)% — 7 21 (cos 1/:0)° T (cos ) R
3 2 — — _g)i}l.zﬁl - (4 — Yo (T — 0)? arctg 2 } e
— B (1"/.,30)[(“ 0) Bo 1—0) + 432" 2 4 X0

o LI 0 P SIS BRI Y F 1
TR T SacesB)r T (=0 430 !

28
X (280 e Y Ba (L — 0 - B — (A — 0 (4 — s (T — 0)7) aretg ;:%)]} (4.18)
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Finally, (4, 16) gives

o — H (1) =%nB0™°Q + ¥5nB07'Q — 1%71Q (4.19)
Setting 6 = = in (4,18) we find
Az () — 20)/Q = —/s1Bo™* (4 — 0.43%) + £ (*a30™* — 0.1) (4.20)
This relation connects the parameter fs with the half-distance between the source and
the sink Lo = — z (n). Figure 2 depicts the boundary of the stagnation zone computed

according to the formula (4.19) for several values of ap = sh®fo,

~ 1A
: &
1 e B p
[}
) 4L§
] ——
! +J 488 5
]
&
=Jj0 =20 -10 ;'_‘
Fig, 2
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